ABSTRACT. We define a projective link between maximal ideals, with respect to which an idealizer preserves being of finite global dimension. Let D be a local Dedekind domain with the quotient ring K, We show that for 2 :::; n :::; 5, every tiled D-order of finite global dimension in (K)n is obtained by iterating idealizers W.r.t. projective links from a hereditary order. For n :::: 6, we give a tiled D-order in (K)n without this property, which is also a counterexample to Tarsy's conjecture, saying that the maximum finite global dimension of such an order is n -I .
INTRODUCTION
Let D be a local Dedekind domain with a unique maximal ideal nD and the quotient ring K. If a D-order A in the full n x n matrix ring (K)n contains n orthogonal idempotents then A is isomorphic to a subring (n Ali D) of (D)n where Ai) 2: 0, Aii = 0 and Ai} + Ajk 2: Aik for any 1 ~ i, j, k ~ n , and so A is called a tiled D-order in (K)n (cf. [5] ).
In [2] we have introduced an idealizer with respect to a link between maximal ideals in an arbitrary ring and shown that every tiled D-order is obtained by iterating the idealizers W.r.t. links of maximal ideals from a hereditary order. In this paper we define a projective link between maximal ideals, with respect to which an idealizer preserves being of finite global dimension (Theorem 1.1) and show that for 2 ~ n ~ 5, every tiled D-order of finite global dimension in (K)n is obtained by iterating the idealizers w.r.t. projective links from a herediatry order (Theorem 2.1). This fact is deeply connected with the following conjecture posed by V. A. Jategaonkar [5] :
(J) If A is a basic tiled D-order of finite global dimension then there is a vertex i in the quiver of A such that I i+ I = 1 or I i-I = 1 .
As noted in [5] , if (J) were true it would be also true that (T) the maximum finite global dimension of a D-order in (K)n is n -1, holds for the class of tiled D-orders. This was conjectured by Tarsy [8] . For some classes of tiled D-orders, (T) is settled by Jategaonkar [4, 5] and Kirkman and Kuzmanovich [6] , and in [6] a counterexample to (J) (but not to (T)) is obtained. We shall give a counterexample to (T) in the class of tiled D-orders in (K)n where n ~ 6 (Example 2.5). When 2 ~ n ~ 5, (J) holds and using Theorem 2.1, a list of the representatives of isomorphism classes of tiled Dorders of finite global dimension in (K)n is obtained (Appendix).
We shall note that for the class of tiled D-orders of global dimension two, (J) holds. This gives some connection between these D-orders and maximal D-orders (Proposition 2.8).
Throughout this paper every ring is associative with an identity element and every module is unital.
The right (left) global dimension of a ring R is denoted by r.gl.dim R (l.gl.dim R). Let R be an order in a simple artinian ring Q. Let I, J be subsets of Q. Then we put (/: J), = 
TILED ORDERS OF FINITE GLOBAL DIMENSION
Let D be a local Dedekind domain with a unique maximal ideal nD and the quotient ring K . The main object of this section is to prove Although the next proposition deviates from the proof of the theorem, we obtain it as an application of Lemma 2.7. This list is obtained by computation using Theorem 2.1. When n :::; 3, see [8] . ~3?: gl.dimA = 2 1 5 ,(1, ito 2 4 ~3V: 
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